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Research Article
Decomposing demographic change




We present and provea formulafor decomposingchangein a populationaverageinto two
components. One component captures the effect of direct change in the characteristic of
interest, and the other captures the effect of compositional change. The decomposition
is applied to time derivatives of averages over age and over subpopulations. Examples
include decomposition of the change over time in the average age at childbearing and
in the general fertility rate for China, Denmark and Mexico. A decomposition of the
change over time in the crude death rate in Denmark, Germany and the Netherlands is
also presented. Other examples concern global life expectancy and the growth rate of the
population of the world.
1Director of Division 1 - Research Program on ”Aging” and Head of the Laboratory of Survival and
Longevity, Max Planck Institute for Demographic Research, Rostock, Germany
2Sergio Camposortega Cruz Ph.D. Fellow at the Max Planck Institute for Demographic Research, Rostock,
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1.    Introduction
Change in a population average can be accounted for in three alternative ways, which
might be called level-0, level-1 and level-2 explanations. A level-0 explanation is simply
thatthedataareerroneous. A level-1explanationis thattheobservedpopulationchangeis
produced by a direct change in the characteristic of interest. A level-2 explanation is that
the change is attributable to a change in the structure or composition of the population.
This article focuses on level-1 vs. level-2 explanations. We present a new method for
decomposing change in a population average into two components, one capturing the ef-
fect ofdirect changeandthe other capturingthe effectof compositionalchange. We begin
with some notation and the proof of the decomposition formula. Then we provide some
illustrative examples. In the examples shown here, two kind of compositional change are
studied: change in the age-structure of the population and in the size of subpopulations.
2.     Formula  for  Decomposing  Derivatives  of
Averages
Our results pertain to derivatives of averages, i.e., to change over instants of continuous
time or some other continuous variable. The focus is on means, also known as expected























































































































) is someweightingfunction. The
variable
x can be continuous or discrete; the variable
y is continuous. In the applications
presentedin this article,
x sometimes denotes age and sometimes subpopulationswhereas
y is always time, but other application are also of interest.
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This use of the acute accent, which reduces the clutter in many demographic formulas,
was originated by Vaupel (1992) and is used in Vaupel and Canudas Romo (2000). Note
that for simplicity we often omit the arguments
x and
y.
The key formula in this article was developed a decade ago by Vaupel (1992), who
extended a result published by Preston, Himes and Eggers (1989). The formula can be


































































































































































































































































) are continuous functions in
x and
y, then taking the derivative
with respect to











































































































































































































































































) are discrete functions of
x.
Q.E.D.
The ﬁrst term on the right-hand side of (5), the average change, might be called the
direct component of change; it captures the level-1 effect. The second component, the
covariance term, is the structural or compositional component of change; it accounts for
the level-2 effect of change in populationheterogeneity. In formula(5) the covarianceis a
measure of the extent to which the underlying variable of interest rises and falls with the
relative derivative of the weighting function.
3.    Derivatives  of  Averages  over  Age




















































! is the highest age attained.
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To study population aging, Preston, Himes and Eggers (1989) analyzed the derivative









































0 , formula (10) is a special case of (5) where there is no level-1
change. Schoen and Kim (1992) also derived a formula, similar to (10), in which there is
only compositional change and no direct change.


































) is an indicator


















































































































































































































































denote the average age at childbearing at time
t, its dynamics are given by










































































































Notethereis no“direct”effect inthe way discussedearlier. Insteadthereare two “compo-
sitional” effects. The effects describe the extent to which change in average age at child-
bearing is due to change in age-speciﬁc births rates vs. change in the age composition of











) could be consideredas capturingthe change in the










) would measure compositional
change of the female population.












) is continuous but de-






), and the decomposition of the annual













































































) -0.040 0.205 0.090
Source: Authors’ calculations described in the Note, based on U.S. Census Bureau (2001).
mographic data are discrete, so we estimated the values in the table using the methods
described in the Note at the end of this article. In China the average age at childbearing











) term pulled the average age at childbearing down. In contrast,
in Denmark and Mexico the two covariance terms are both positive. Population aging
and the shift in age-speciﬁc birth rates both contributed to the rise in the average age at
childbearing.
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The last row of Table 1 shows the changein the averageage at childbearingas the sum












































0 for Mexico. The estimated value for China






1. This discrepancy arises because
discrete data over a 5-year period are used to approximate derivatives and averages at an
instant (see Note). Similar small discrepancies can be found in other tables in this article.
















and let the weightingfunctionbe the age-speciﬁcpopulationsize. Then it follows directly




























Table 2 illustrates formula (18), by determining the decomposition of the change in
the crude death rate for Denmark, Germany and the Netherlands from 1991 to 1997.




), per thousand, and the decomposition of the annual























) -0.037 -0.150 0.012
￿
_























) -0.037 -0.149 0.012
Source: Authors’ calculations described in the Note, based on EUROSTAT (2000).
Germany beneﬁted from sizeable reductions in the crude death rate in the years after
reuniﬁcation. On the other hand, its neighbors Denmark and the Netherlands experienced
only small changes during this period. The German development is mainly due to the
direct effect of large reductions in mortality, particularly in the eastern part of Germany.















) be the age-speciﬁc





) be the general fertility rate (GFR), which is simply the
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number of babies divided by the number of women at reproductive ages. The change in



















Table 3 shows calculations based on formula (19) that decompose the change in the GFR
forChina, Denmarkand Mexicofrom 1990to 1995. Table 3 indicates that the GFR fell in





), in percentage, and the decomposition of the




























) -0.317 0.105 -0.282
￿
_


























) -0.316 0.104 -0.282
Source: Authors’ calculations described in the Note, based on U.S. Census Bureau (2001).
China andMexicoand rose in Denmark. In all threecountriesthe dominantcomponentof
this shift was the average change in age-speciﬁc birth rates. Changes in age-composition,







) could be identiﬁed with some age-speciﬁc migration rate,
morbidity rate, criminality rate, etc., and a formula similar to (18) and (19) would follow.


































so the change in a population’s growth rate is given by the average change in the age-
speciﬁc growth rates plus the variance in the age-speciﬁc growth rates.
5.     Averages  over  Subpopulations
The discussion so far has focused on averages over age. Age heterogeneity is only one of
the multitudinous dimensions of population heterogeneity - some observed and some un-
observed. In this section we presenttwo examplesof averagesoveranothercharacteristic,
namely nationality.
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Consider a population composed of different subpopulations. The life expectancy at
birth at time


















































) is the subpopulationlife expectancy
at birth. The change in
￿








































In Table 4 formula (22) is applied to changes in life expectancy of the world popula-
tion. The world experiencedan increase in life expectancywith an annualchange of more






), for the world and decomposition of the






























































Source: Authors’ calculations described in the Note, based on World Bank data (2001). The subpopulations are
the populations of the countries of the world for which data were available.















6). The covariance between life expectancy
and population growth rates among the subpopulations is modest. Hence the change in
the world life expectancy is roughly the same as the average change in life expectancy
of the world’s countries. Because the covariance is negative, the countries with long life
expectancy tend to have slow rates of population growth. The increase in life expectancy
of the world is thus lower than the average increase in national life expectancy.
The people of the world live in over two hundred countries. The population growth
rate of the worldis the weightedaverageof the populationgrowthrates of these countries.
Consequently, the change in the world population growth rate can be expressed by a
formula that is identical in appearance to (20), except that now the average is taken over
countries instead of over ages. The change in the world’s population growth rate is given
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Two theoretical implications deserve note. First, if the population growth rate of every
country were constant (albeit at different levels from country to country), then the popu-
lation growthrate of the world would be increasing. The countrieswith the largest growth
rates would account for a larger share of the world’s population. Second, even if the pop-
ulation growth rate of every country were declining, the world’s population growth rate
could be increasing.





), and decomposition of the annual























































Source: Authors’ calculations described in the Note, based on U.S. Census Bureau (2001).
Note:
￿ denotes per 10,000. Growth rates were calculated over intervals of 5 years (1975-1980, 1978-1983, 1981-
1986) to estimate growth rates for 1977.5, 1980.5 and 1983.5. Growth rates were estimated based on data
for all the countries of the world for which data were available.
As shown in Table 5, the population growth of the world started to decline around
1980. The pace of this decline was slowed by the variance in growth rates among the
world’s countries. The average change in country growth rates,
￿
_
r, was negative but the
variance term more than offset this in the late 1970s, yielding an increase in the rate of
world population growth of 0.328 per 10,000.
6.    Other  Decompositions
In the examples above, the weighting function was associated with either age-speciﬁc
population size or national population size. Many other kinds of subpopulations could be
considered. The subpopulations might reﬂect social, ethnic, religious, socio-economic or
other characteristics. Suppose, for instance, a population consists of a number of subpop-
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the birth rate of the overall population. Then the decomposition of the change over time
























) could be taken as representing the composition of the stable
populationimplied by a population’sage-speciﬁc birth and death rates or the composition













), which, deﬁned with radix one, is simply the











positional change in many applications. In this article we provide a few illustrative ex-
amples. Many other applications are possible. Such applications will help demographers
understand the dynamics of population change.
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Notes




h, then we generally used the following approxi-










































































































































This is a standard approximation in demography (Preston, Heuveline and Guillot, 2001).













































We used (24)-(27) wherever we thought that the rate of change was more or less
constant over the time interval. In a couple of cases it seemed appropriate to assume that
change in the interval was linear. This was the case for estimating the change in the age-
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